A hollow thick-walled cylinder made of functionally graded material subjected to twist has been analyzed. The objective of this paper is to provide the guidance to design the torsion of thick-walled cylinder made of functionally graded material so that collapse of cylinder due to external pressure can be avoided. The concept of transition theory based on the concept of Lebesgue strain measure has been used to simplify the constitutive equations. Results have been analyzed theoretically and discussed numerically. From the discussion, we can conclude that highly non-homogeneous cylinder is on the safer side of the design as compared to lesser non-homogeneous cylinder. This is because of the reason that percentage increase in pressure required for initial yielding to become fully plastic is very high for non-homogeneous cylinder whose non-homogeneity increases radially as compared to lesser non-homogeneous cylinder. Also, non-homogeneous cylinder whose thickness is very high is on the safer side of the design as compared to less thick-walled cylinders because percentage increase in pressure required for initial yielding to become fully plastic is very high for highly thick-walled cylinders as compared to other cases.
Introduction
Torsion of cylindrical bodies such as pressure vessels, pipes, borers, and driving shafts are very common and useful parts of several engineering industry and found in many text books [1] [2] . A semi-elliptical crack placed on the outer surface of the circular cross-section of these bodies is considered to model the actual defects. The solution is constructed for the stress and displacement of functions in the form of an infinite integral operator and is established for the shear modulus by Nazarov [3] in his paper on torsion of cylindrically anisotropic inhomogeneous solids of revolution. Nazarov et.al. [4] investigated classes of functions and general solutions in the form of finite integral operator for the stress and displacement functions for shear moduli which depend on a cylindrical system of coordinates. Taliercio [5] discussed the influence of the different material constants on the stress distribution and the torsional rigidity in his article on torsion of micropolar hollow circular cylinders. Doostfatemeh et.al. [6] developed some analytical formulas for torsion of hollow tube with straight and circular edges and concluded that these formulas can be used for torsion of moderately thick-walled hollow tubes. In analyzing the above problems, these authors assumed incompressibility of the material, a yield condition and power relationship between stress and strain. In most of the cases, it is not possible to find a solution in closed form without this assumption. Transition theory [7] does not require these assumptions and thus poses and solves a more general problem from which cases pertaining to the above assumptions can be worked out. This theory utilizes the concept of generalized principal strain measure [8] and asymptotic solution at the critical points of the differential equations defining the deformed field. It has been successfully applied to several problems i.e. Aggarwal et.al. [9] [10] investigated safety factors in thick-walled functionally graded cylinder under internal and external pressure and concluded that functionally graded cylinder is better choice for designers as compared to cylinders made up of homogeneous materials. As transition from one state to another is a natural phenomenon and the aim of our study is to identify the transition state and to eliminate the need of assuming yield conditions, semi empirical laws etc. to analyze the behavior of stresses in transition state. Also, we determine the safety factor for a functionally graded thick-walled circular cylinder subjected to torsion under external pressure using generalized Lebesgue measure to avoid collapse. Seth [8] has defined the generalized principal strain measure by taking the Lebesgue integral of the weighted function, 
Mathematical Formulation
Figure1. Geometry of the problem.
Consider a functionally graded stainless steel composite thick-walled circular cylinder of internal and external radii a and b respectively, subjected to external pressure . p
The components of displacement in cylindrical polar coordinates are given by Non-homogeneity in the material is due to various components. Here, we consider variable compressibility of the material as non-homogeneity in the stainless steel composite cylinder as
The generalized components of strain [7] are given as follows: 
where The differential equation which comes out to be non-linear at transition state is obtained by substituting equations (4) in equation (6) as, (7) where r P
, P is function of r.
The transition points of β in equation (7) are obtained as P → -1 and P → ± ∞ .
The boundary conditions are
The resultant axial force in the circular cylinder is given by
Solution Through Principal Stress
To determine the plastic stresses at the transition point P → ± ∞, we define the transition function R in terms of
Taking the logarithmic differentiation of equation (10) 
Using boundary conditions (8) in equation (12), we have Using the non-homogeneity in the cylinder due to variable compressibility, equation (13) gives 
( )
The external pressure required for fully plasticity in non-dimensional form is given as
Fully plastic stresses in non-dimensional form are obtained by taking 
Numerical Discussion
To observe the effect of pressure required for initial yielding and fully plastic state against various radii ratios, figure 2 and table 1 have been drawn. It has been observed from figure 2(a) , that external pressure required for initial yielding is maximum at internal surface. It has also been noticed that external pressure required for initial yielding increases significantly with the increase in non-homogeneity (i.e. with the increase in value of k). From figure 2(b) , we have noticed that external pressure required for fully plastic state is maximum at internal surface which decreases with the increase in value of k. It has been noticed from table 1 that with the increase in radii ratio, pressure required for initial yielding decreases significantly. It has also been observed that with the increase in compressibility, pressure required for initial yielding decreases while pressure required for fully plastic state increases. Also, percentage increase in external pressure required for initial yielding to become fully plastic increases with increase in compressibility (i.e. k = -0.04) for the cylinder with radii ratio 0.5 as compared to other radii ratio cylinders. To see the effect of pressure on transitional radial, circumferential and shear stresses, figures 3, 4 and table 2 are drawn. It has been noticed form figure 3 that radial and circumferential transitional stresses are compressive in nature and are maximum at external surface. It has also been observed that these stresses decreases with the increase in non homogeneity (i.e. increase in value of k). It has been observed from table 2 that circumferential stress increases significantly with the increase in radii R. Also, with the increase in compressibility, these stresses decrease significantly. It has also been noticed that with the increase in external pressure, circumferential stress increase significantly. From figure 4 we can see that transitional shear stresses are tensile and are maximum at external surface. It has also been observed that shear stresses decrease at the internal surface while increases at the external surface with the increase in non homogeneity. Shear stresses increases significantly with the increase in external pressure. Also, shear stresses increases along the radii R as can be seen from table 2. At the external surface, these shear stresses increases significantly with the increase in non-homogeneity i.e. increase in value of k. To see the effect of pressure on fully plastic radial, circumferential and shear stresses, figures 5, 6 and table 3 are drawn. It has been observed from figure 5 that fully plastic circumferential stresses are tensile and are maximum at external surface. These stresses decrease with the increase in non-homogeneity (i.e. increase in value of k). With the increase in external pressure these stresses increases significantly. Also, it has been noticed from the table 3 that circumferential fully plastic stress increase with the increase in radii R. From figure 6 , we have noticed that fully plastic shear stresses are uniform at the end points and vary in between the end points. As we increase the external pressure shear stresses increase significantly. 
Conclusion
From the discussion, we can conclude that highly non-homogeneous cylinder is on the safer side of the design as compared to lesser non-homogeneous cylinder. This is because of the reason that percentage increase in pressure required for initial yielding to become fully plastic is very high for non-homogeneous cylinder whose nonhomogeneity increases radially as compared to lesser non-homogeneous cylinder. Also, non-homogeneous cylinder whose thickness is very high is on the safer side of the design as compared to less thick-walled cylinders because percentage increase in pressure required for initial yielding to become fully plastic is very high for highly thickwalled cylinders as compared to other cases. Also in case of torsion non-homogeneous cylinder without external pressure is safe for the designer's point of view because shear stresses are minimum for non homogeneous cylinder without external pressure as compared to nonhomogeneous cylinder with external pressure. 
